The geo-logarithmic family of price indexes constitutes an interesting parametric class of index numbers for price comparison, due to the properties satisfied by its members, together with their cofactors. The family was introduced in the early '90s, as a generalization of the Sato-Vartia price index, but a consistent study of its properties still lacks. The present paper aims at filling this gap. It contains both a review of already existing material, arranged in an original and consistent way, and a comprehensive treatment of the axiomatic properties of the geo-logarithmic family. New results are derived and some mistakes that can be found in other references are also fixed. The paper ends discussing some open issues, needing further research.
Introduction
Many different approaches exist to face the problem of building formulas for price and quantity comparison and none of them seems to prevail on the others. Each different approach has advantages and drawbacks and the debate is still open (Hill, 2006) . In this paper we adopt the point of view of Axiomatic Index Number Theory and present an interesting parametric family of price indexes whose elements possess pleasant properties. The geo-logaritmhic family first appeared in the early '90s (Martini, 1992a,b) , motivated by the search for a class of price indexes having good axiomatic properties together with their cofactors. Nevertheless, a comprehensive study of its properties still lacks and the present paper aims at filling this gap. At the same time, it gives a review of already existing results and fixes some mistakes that can be found in other references. The paper is organized as follows: Section 2 gives a brief review of the axiomatic approach to price indexes; Section 3 provides the formal definition of the geo-logarithmic family; Sections 4 and 5 discuss the properties of geo-logarithmic price indexes; Sections 6 discusses the properties of the cofactors of geo-logarithmic price indexes; Section 7 provides some final comments and points out some open issues, needing further research; Appendices A, B and C collect some computational details needed in the paper.
Elements of Axiomatic Index Number Theory
Let p a , p b , q a and q b be four n-dimensional vectors (n ≥ 2) of strictly positive components, representing the prices and the quantities of the same n goods in situation a and in situation b (b will be always considered as the basis, i.e. the reference situation, for the comparison). We indicate with p ai , p bi , q ai and q bi (i = 1, . . . , n) the i-th component of p a , p b , q a and q b . The ratio
is called the value index between a and b. The aim of price and quantity index theory is to decompose the value index as the product of two strictly positive functions
where P accounts for the variation of the prices and Q accounts for the variation of the quantities between situations a and b. In the axiomatic setting, the basic idea is to identify a set of axioms that a function of prices and quantities has to satisfy, in order to be accepted as a price or a quantity index and then to derive or look for formulas satisfying them.
The axioms
The literature about Axiomatic Index Number Theory is very wide (Eichhorn & Voeller, 1976a ,b, 1990 Balk, 1995; Krstcha, 1988) but there is no universal agreement on the axiomatic properties needed for a formula to be considered as an index (IMF, 2004) . For this reason, in this paper we focus on a set of six axioms that are generally accepted, even if some authors do criticize some of them (particularly, axioms (IV) and (VI) (Diewert, 1992; Reinsdorf & Dorfman, 1999; IMF, 2004) ). The list is given below:
(I) Proportionality axiom. Let α be a strictly positive real number, then
(II) Commensurability axiom. Let U be a n × n diagonal matrix of strictly positive weights, then
(III) Homogeneity axiom. Let α and β be two strictly positive real numbers, then
wherep s > p s ifp si ≥ p si for all i = 1, . . . , n and j exists such thatp sj > p sj , with s = a, b.
(V) Basis reversibility axiom. Let the situations a and b be exchanged and let a be taken as the basis for the comparison, then
.
(VI) Factor reversibility axiom. Let the vectors p a and p b be exchanged with the vectors q a and q b respectively, then
(recall that the function P (p a , p b , q a , q b ) is asked to be strictly positive).
An analogous axiomatic system holds for quantity indexes. It is obtained simply exchanging the role of price and quantity vectors in the above list of axioms (I)-(VI). In general, price index formulas used for concrete price comparison do not fulfill all the axioms listed above (Fisher, 1922; Swamy, 1965; Balk, 1995) . As a matter of fact, not all the axioms are given the same relevance: axioms (I)-(III) are retained as fundamental, while axioms (IV)-(VI) are treated as less relevant. Hence proportionality, commensurability and homogeneity can be regarded as a minimal subset of axiomatic properties that a candidate price index should satisfy to be adopted in price comparisons. Similar considerations hold for quantity indexes.
Cofactor and correspondent of a price index
Chosen a price index formula P (p a , p b , q a , q b ), two candidate quantity indexes can be naturally associated to it. The first is called the cofactor of P and is defined by
the second is called the correspondent of P and is defined exchanging the role of price and quantity vectors in the formula for P :
In general, cofactor and correspondent of the same price index differ; they coincide if and only if the price index satisfies the factor reversibility axiom. By virtue of (2), when a price index is chosen, its cofactor is de facto selected as the associated quantity index (for this reason, the cofactor is also called the implicit quantity index). As a consequence, a function
should not be accepted as a price index, irrespective of the axiomatic properties satisfied by its cofactor. In fact, counterexamples can be given showing that the fundamental properties of proportionality and homogeneity of the cofactor are independent from the analogous properties of the price index (Martini, 1992a) .
The antithesis operators
We now introduce some algebraic tools that prove very useful in the subsequent analysis of the axiomatic properties of geo-logarithmic price indexes.
The Antithesis group
The basis reversibility and the factor reversibility axioms define some internal simmetries that a price index should satisfy. Let us introduce two operators B and F whose actions are defined as:
BP and F P are called the basis antithesis and the factor antithesis of P and the operators B and F can be called the basis antithesis operator and the factor antithesis operator respectively (Fattore & Quatto, 2004; Fattore, 2006b ). The reversibility axioms can thus be stated as invariance properties of a price index P under the action of the antithesis operators:
A direct computation shows that B and F commute (Vogt & Barta, 1997; Fattore & Quatto, 2004; Fattore, 2006b) , thus the operator D = B•F = F •B can be defined. The identity operator I and the three operators B, F and D form a commutative group (Miller, 1972; Tung, 1985; Bosch, 2003) , whose Cayley table is given by 
We will refer to this group as the Antithesis group. Requiring a price index to satisfy the reversibility axioms (V) and (VI) is equivalent to requiring it to be invariant under the action of the Antithesis group or, that is the same, to be a fixed point of the operators belonging to the Antithesis group.
It is straightforward to show that the basis antithesis of a price index fulfills any of the axiomatic properties (I)-(VI) if and only if the price index itself does (Martini, 1992a) . On the contrary, the only axiomatic properties that the factor antithesis inheritates from the index are those of commensurability, basis reversibility and, trivially, factor reversibility. Counterexamples can be given of homogeneous or monotonic price indexes with factor antitheses that do not satisfy such properties ( (Fattore, 2006a) or Proposition 6 below).
Structure of the factor antithesis operator
In terms of cofactor and correspondent of a price index, the factor reversibility axiom can be trivially stated as
Let H and K be two operators, defined as:
The operators F , H and K, together with the identity operator I, constitute a group, with the following Cayley table
We will call this group the ACC (Antithesis -Correspondent -Cofactor) group. The ACC group has the same structure of the Antithesis group. From its Cayley table, we see (i) that the correspondent of a price index coincides with the cofactor of its factor antithesis, (ii) that the cofactor of a price index coincides with the correspondent of its factor antithesis and (iii) that the factor antithesis of a price index coincides with the cofactor of its correspondent (or the correspondent of its cofactor, since the operators H and K commute). We will repeatedly employ these relationships in the following, discussing the properties of geo-logarithmic indexes.
Crossings of a price index
There is a standard technique to build a formula that fulfills the reversibility axioms (V) and (VI), starting from a formula that does not (Fisher, 1922; Martini, 2003; Fattore & Quatto, 2004) . Let us define two crossing operators ⊗ B and ⊗ F , whose action on a price index formula is given by:
By construction, ⊗ B P and ⊗ F P are invariant under the actions of B and F respectively. Since the crossing operators ⊗ B and ⊗ F commute, the operator
⊗ B F P is invariant under the simultaneous action of B and F , so it satisfies the basis reversibility and the factor reversibility axioms. The three crossing operators together with the identity operator form a monoid (Bosch, 2003) with the following Cayley table:
3 The geo-logarithmic family
The geo-logarithmic decomposition
The starting point for the definition of the geo-logarithmic family is the geologarithmic decomposition of the value index V (Martini, 2003) , that we state without proof.
Proposition 1 Let p a , p b , q a and q b be the price and quantity vectors of situations a and b and let
be the value index. Then the following geo-logarithmic decomposition holds true:
where
and τ (w ai , w bi ) is the logarithmic mean Λ(w ai , w bi ) of w ai and w bi , defined for w ai , w bi > 0 as:
if w ai = w bi and Λ(w ai , w bi ) = w ai , if w ai = w bi (Carlson, 1972) .
and
are, respectively, the Sato-Vartia price index and the Sato-Vartia quantity index (Sato, 1976; Vartia, 1976) .
Definition of the geo-logarithmic family
For x, y ∈ [0, 1], let q x and q y be two vectors, whose components are defined by
and let
The geo-logarithmic, or the P xy , family is the class of price indexes defined by:
In the following, to ease the notation we will write
where τ xyi = τ (w xi , w yi ).
The following proposition states a fundamental result about the P xy parametrization (?):
Proposition 2 The mapping associating the pair (x, y) ∈ [0, 1] × [0, 1] to the index P xy is one to one, thus if (x, y) = (u, v), then P xy = P uv .
Proof. See Appendix B.
2
The geo-logarithmic family can be introduced in a slightly different way. Let us indicate with P 10 (p a , p b , q a , q b ) the Sato-Vartia price index. Then, we can define a P xy index by
where q x and q y are defined by means of (24). In other words, the members of the P xy family are just the Sato-Vartia index computed on the virtual quantity vectors q x and q y .
For future reference, note that the maps
defined for x, y ∈ [0, 1] are invertible if and only if x = y, the inverse maps being (Fattore, 2006a )
whereq
Examples of geo-logarithmic price indexes
The geo-logarithmic family contains some well known price indexes. Trivially, P 10 is the Sato-Vartia price index. On the other hand, if x = y a few computations show that the formula of a geo-logarithmic price index simplifies in (Martini, 1992a) :
Thus the P xx subfamily is composed of expenditure ratios and it is easily verified that P 00 is the Laspeyres price index, P 11 is the Paasche price index and P 0.5 0.5 is the Walsh price index.
Axiomatic properties of the geo-logarithmic family
In this section the axiomatic properties fulfilled by geo-logarithmic price indexes are discussed. It is first proved that the elements of the P xy family fulfill the proportionality, commensurability and homogeneity axioms and that they are basis reversible if and only if y = 1 − x (Martini, 1992a) . Then, it is shown that the monotonic geo-logarithmic price indexes are characterized by the condition x = y and that the Sato-Vartia index is the only element of the P xy family being factor reversible.
Proposition 3 Geo-logarithmic price indexes satisfy (i) the proportionality axiom, (ii) the commensurability axiom (iii) the homogeneity axiom. Moreover, they are basis reversible if and only if y = 1 − x.
Proof. (i) Let α be a strictly positive real number, then:
thus the proportionality axiom is fulfilled by each element of the P xy family; (ii) let U be a n × n diagonal matrix of strictly positive weights. For every x, y ∈ [0, 1] and every i = 1, . . . , n, the ratios p ai /p bi and the coefficients w xi and w yi are invariant under the simultaneous transformations
, thus any geo-logarithmic index fulfills the commensurability axiom; (iii) let α and β be two strictly positive real numbers. For every i = 1, . . . , n and every x, y ∈ [0, 1], both w xi and w yi are invariant under the transformations p a → αp a and p b → βp b , thus
and the homogeneity axiom is fulfilled by geo-logarithmic price indexes; (iv) requiring BP xy = P xy is the same as requiring P 1−y 1−x = P xy or y = 1 − x, by virtue of Proposition 2. We will indicate the class of basis reversible geologarithmic price index by P x 1−x .
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When introduced, geo-logarithmic price indexes were supposed to be monotonic (Martini, 1992a) . Later, the Sato-Vartia price index was proved not to be monotonic (Reinsdorf & Dorfman, 1999) . Using this result, the following proposition shows that a geo-logarithmic index is monotonic if and only if it belongs to the subfamily P xx of the expenditure ratios.
Proposition 4 An element of the P xy family is monotonic if and only if x = y.
Proof. Let
be an element of the geo-logarithmic family. As shown in Section 3.2, if x = y, the map T xy is invertible, thus P xy is not monotonic since P 10 is not. If x = y, (35) semplifies in
which is clearly monotonic for every x ∈ [0, 1].
Let us now address the problem of factor reversibility of geo-logarithmic price indexes. The Sato-Vartia index is factor reversible, but it is trivial to verify that in general geo-logarithmic price indexes are not (consider, for example, the Laspeyres, Paasche and Walsh indexes). The following proposition shows that the class of factor reversible geo-logarithmic price indexes does reduce to the Sato-Vartia index only:
Proposition 5 The only element of the P xy family satisfying the factor reversibility axiom is the Sato-Vartia index.
Proof. The proof is by contraddiction. Let x, y ∈ [0, 1] and put Q xy = CorP xy to ease the notation. If P xy satisfies the factor reversibility axiom, then for any choice of the price and quantity vectors, the following identity holds:
Since the Sato-Vartia index P 10 does satisfy the factor reversibility axiom, (37) can be equivalently written as: 
On the other hand, it is immediate to check that for every x, y ∈ [0, 1]
so that (37) gives:
or
since price indexes are certainly positive. Clearly, (42) and (39) are incompatible.
5 Global properties of the geo-logarithmic family and its subfamilies
In the previous section, we have discussed the axiomatic properties of geologarithmic price indexes. Now, we investigate some global properties of the P xy family and its main subfamilies P xx and P x 1−x . Particularly, we discuss the closure of these classes under the action of the Antithesis group and the Crossing monoid. For technical reasons, it is convenient to start studying the properties of the P xx and the P x 1−x subfamilies.
The P xx subfamily
As already shown, price indexes belonging to the P xx subfamily fulfill axioms (I) -(IV). Since P xx ∩ P x 1−x = {P 0.5 0.5 }
the Walsh price index is the only monotonic geo-logarithmic index being basis reversible. Nevertheless, the P xx subfamily is closed under the action of the basis antithesis operator. In fact, from BP xy = P 1−y 1−x , it follows BP xx = P 1−x 1−x ∈ P xx . On the contrary, neither a factor reversible element of P xx exists, nor this class is closed under the action of the factor antithesis operator. The first assertion is trivial, since the only factor reversible geo-logarithmic index is P 10 ; the second assertion is proved in the following proposition:
Proposition 6 Let P xx ∈ P xx . F P xx satisfies the axiom of monotonicity if and only if x = 0 or x = 1. In other words, the only monotonic elements of the P xy family having monotonic factor antithesis are the Laspeyres and the Paasche indexes.
Proof. A direct computation shows that
After some algebraic computations, the derivative of (44) with respect to p aj is obtained as
If x = 0 or x = 1, the derivative is certainly positive, for any choice of price and quantity vectors, since F P 00 is the Paasche index and F P 11 is the Laspeyres index (both strictly monotonic price indexes). If 0 < x < 1, the derivative is negative when
and is positive when Z > − U V
. Explicitely, condition (50) becomes
For any fixed x ∈ (0, 1), this inequality can be indeed satisfied by a suitable choice of p a , p b , q a and q b (for an explicit proof, see Appendix C).
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From Proposition (6), we can easily derive some further results about the P xx subfamily, collected in the following corollary:
Corollary 7 (i) The P xx subfamily is not closed under the action of operator D; (ii) the only fixed points of D within the subfamily P xx are the Laspeyres and the Paasche indexes; (iii) the P xx subfamily is not closed under the action of operator F , the only P xx indexes whose factor antithesis is in P xx being the Laspeyres and the Paasche indexes.
Proof. (i) Since BP xx = P xx , then, from Proposition (6), DP xx = F P xx P xx , i.e. P xx is not closed under the action of D; (ii) If DP xx = P xx , then BP xx = F P xx ∈ P xx ; since BP xx ∈ P xx , then, from Proposition (4), F P xx is monotonic and necessarily x = 0 or x = 1; (iii) for x = 0, 1, F P xx is not monotonic, then it cannot belong to the P xx subfamily, by virtue of Proposition (6). On the other hand, F P 00 = P 11 and F P 11 = P 00 .
Finally, it is trivial to show that the P xx subfamily is not closed under the action of the crossing operators. In fact, the Fisher index, which is not a geologarithmic index (it is factor reversible), can be obtained applying ⊗ B , ⊗ F , or ⊗ B F to P 00 (Laspeyres price index) or to P 11 (Paasche price index).
The P x 1−x subfamily
The elements of the P x 1−x subfamily satisfy axioms (I)-(III) and axiom (V). In general, they violate axiom (IV), the only monotonic element of this subfamily being the Walsh price index, and axiom (VI), the only factor reversible element being the Sato-Vartia price index. Moreover, the P x 1−x subfamily is not closed under the action of the factor antithesis operator, as the following proposition proves.
Proposition 8 The only element of the P x 1−x subfamily whose factor antithesis belongs to the subfamily P x 1−x is the Sato-Vartia index.
Proof. If F P x 1−x ∈ P x 1−x , then F P x 1−x = P u 1−u for some u ∈ [0, 1]. Hence, in particular, the Taylor series of F P x 1−x and P u 1−u must coincide, in the neigborhood of any point. Choose the price and quantity vectors as follows
Appendix A shows that the condition for the Taylor series to coincide is given by
whose only acceptable solution is x = u = 1.
2
From the above discussion, it follows immediately that the P x 1−x subfamily is not closed under the action of the crossing operators ⊗ F and ⊗ B F , while it is trivially closed under the action of the crossing ⊗ B , since its elements are basis reversible.
Closure properties of the geo-logarithmic family
The geo-logarithmic family is not closed under the action of the Antithesis group. In fact, while BP xy ∈ P xy , the same is not true with regard to the operator F (and hence with regard to the operator D too).
Proposition 9
The geo-logarithmic family is not closed under the action of the factor antithesis operator.
Proof The proof is by contraddiction. Let us suppose that P xy is closed under the action of F . Let x = 0 and consider an element of the subfamily P x 1−x . Since B and F commute, we have
which implies F P x 1−x ∈ P x 1−x . Thus, the subfamily P x 1−x is closed under the action of F , but this is false, as shown by Proposition 8.
2
We conclude this paragraph, noting that the geo-logarithmic family is not closed under the action of the Crossing monoid, since the Fisher index is not a geo-logarithmic index, as previously shown.
Properties of the cofactors of the geo-logarithmic price indexes
As already pointed out, the choice of a specific price index induces the choice of its cofactor as the associated quantity index, in the decomposition (2) of the value index; for this reason, it is of interest to investigate the axiomatic properties satisfied by the cofactors of geo-logarithmic price indexes. From the general theory of price index discussed at the beginning of this paper, we know that the cofactor of a price index fulfills the commensurability axiom, the basis reversibility axiom and the factor reversibility axiom, if and only if the price index itself does. It then follows immediately that the cofactor of a geo-logarithmic price index P xy satisfies (i) the commensurability axiom for every x, y ∈ [0, 1], (ii) the basis reversibility axiom if and only if y = 1 − x and (iii) the factor reversibility axiom if and only if x = 1 and y = 0 (i.e. if and only if P xy is the Sato-Vartia price index).
The following proposition shows that cofactors of geo-logarithmic price indexes satisfy also the proportionality and homogeneity axioms (Martini, 1992a (Martini, , 2003 .
Proposition 10 Let P xy ∈ P xy , then Cof P xy satisfies (i) the proportionality axiom and (ii) the homogeneity axiom.
Proof. (i) Let α be a strictly positive real number and let q a = αq b . The vectors of virtual quantities q x and q y , defined in (24), are simply
and it is immediate that in this case w xi and w yi coincide with w ai and w bi , as defined in (20). Hence, we can write
Substituting (60) in (3) and using (19), we obtain
(ii) Let α and β be two strictly positive real numbers. Since the functions w xi and w yi , defined in (25), are left unchanged by the transformations q a → αq a and q b → βq b , it follows that
Finally, we discuss the axiom of monotonicity. In general, the cofactors of geologarithmic indexes violate the monotonicity axiom. Consider, for example, the cofactor of the Sato-Vartia price index. Due to factor reversibility, its cofactor coincides with its correspondent which is not monotonic with respect to quantities, since the Sato-Vartia price index itself is non monotonic with respect to prices. The following proposition shows that monotonic cofactors are an exception even if we restrict ourselves to monotonic geo-logarithmic price indexes:
Proposition 11 The only elements of the P xx subfamily whose cofactors satisfy the monotonicity axiom are the Laspeyres and the Paasche indexes.
Proof. The correspondent of a price index is monotonic with respect to quantities if and only if the price index itself is monotonic with respect to prices. The thesis now follows from Proposition 6, since the cofactor of a price index is just the correspondent of its factor antithesis.
7 Conclusion
In this paper we have presented the geo-logarithmic family of price indexes, discussing its axiomatic properties. It has been shown that all geo-logarithmic indexes are proportional, commensurable and homogeneous, together with their cofactors. Geo-logarithmic indexes satisfying the axioms of monotonicity, basis reversibility and factor reversibility have been identified and their properties have been investigated. Properties of the the geo-logarithmic family and of its main subfamilies under the action of the Antithesis group and the Crossing monoid have been studied. The injectivity of the geo-logarithmic parametrization has also been proved. However, some issues remain open (for example, the consistency-in-aggregation problem is still to be faced).
In the literature about price indexes, many formulas have been proposed. It turns out empirically that, among all of them, the only ones satisfing the proportionality, commensurability and homogeneity axioms together with their cofactors belong to the geo-logarithmic family, or can be derived from that family by means of the Antithesis group or the Crossing monoid (Martini, 2003) . The question naturally arises if the geo-logarithmic family is, in some sense, the "source" of price indexes satisfing these three essential axioms, together with their cofactors. We think this is an important theoretical issue that should attract further research.
A Taylor expansions
This appendix reports the Taylor series of the logarithm of geo-logarithmic price indexes needed in the previous discussion about the axiomatic properties of geo-logarithmic family. The computations involved in the Taylor expansions are very lenghtly and were performed with the aid of a computer software. All the Taylor series considered have been computed for the following choice of price and quantity vectors: (1, 1, . . . , 1) (A.4) ε being arbitrarily small. This particular choice easies the computations and is just what is needed to prove the results discussed in the paper.
A.1 Taylor series for ln P xy (26), we obtain the following expression for the logarithm of a geo-logarithmic index:
The Taylor series of ln P xy , up to order 3 in ε turns out to be
A.2 Taylor series for ln P x 1−x and ln F P x 1−x
With the choice (A.1) -(A.4) of price and quantity vectors, the Taylor expansions for the logarithms of a geo-logarithmic index belonging to the subfamily P x 1−x and its factor antithesis are obtained as (51) In this appendix, we prove that inequality (51) in the proof of Proposition 6 can indeed be satisfied, for any fixed x ∈ (0, 1), by a suitable choice of price and quantity vectors. Let p aj = p bj = λ/q aj and p bi = (1−x) k/x p ai (i = j), where λ and k are strictly positive constants and let the other price and quantity components be fixed. For such a choice of the prices, (C.2) simplifies in
where W * (p a , q a ; λ, k) = 1 λ + (1 − x) k n i =j q ai p ai − 1 (1 − x)λ + (1 − x) n i =j p ai q ai (C.4) does not depend upon q aj and q bj . Hence if q bj /q aj is small enough, inequality (C.3) (and thus (51)) is satisfied.
